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Abstract

In this paper we study all additive, symmetric and eflicient solutions,
i.e., the set of axioms that traditionally are used to characterize the
Shapley value except the dummy axiom. Also we obtain an expres-
sion for this kind of solutions when we also include the self dual axiom.
These expressions allow us to give an alternative form to the consensus
value, the generalized consensus value and the solidarity solution. Fur-
thermore, we introduce a new axiom called coalitional independence
to replace the symmetry axiom in order to get similar results.
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L.

Definition 1. By a game we mean a pair (N,v) where N C N
is a finite set of players and v : 2% — R is a real function such
that v(0) = 0. Let G = GV be the set of games with a fized set of
players N.

We consider N fixed and n = |N|.

Let (N, z) be the zero game, i.e., the game defined by z(T) = 0 for
every 1' C N.

Definition 2. By a solution in G we mean a continuous function
@ GYN — RY such that ¢(z) = 0.



CIMAT  Axiom 1 (Additivity). The solution ¢ is additive if p(v + w) =
(V) + p(w) for every v,w € G¥.

Axiom 2 (Efficiency). The solution ¢ is efficient if ZieN ©i(v) =
v(N) for every v € GV.

Axiom 3 (Dummy). If the player i is a dummy player in (N, v)
then @;(v) = 0.

Axiom 4 (Symmetry). The solution ¢ is said to be symmetric if
and only if p(6*v) = 0*p(v) for every 6 and v € G.
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CIMAT Theorem 1 (Shapley, 1953). There exists a unique solution o that
satisfies additivity, symmetry, dummy and efficiency axioms. Fur-
thermore it 1s given by

ooy =S 0= 5= Vs 133) — o(8)).

n
S#i




2. SOLUTIONS WITHOUT A DUMMY AXIOM

2.1. General expression.

Proposition 1. The solution ¢ satisfies additivity, symmetry and
efficiency axioms if and only if it is of the form
v

21)  w)=" 0y S 5)[80(S) — uv(N\S)

n ;
S31,5#N
for some n — 1 real numbers {Bs}"_:.




CIMAT 229
Step 1.
oY) — player ¢
Step?2.
For every S # N we transfer (n — s)sBv(S) from N\S to S as
follows,

Fach player in N\S pays:
sBsv(.S)

Each player in S receives:

(n — S)BSU(S)
At the end, the player ¢ has the amount ¢;(v) given by (2.1).
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2.3.
S random variable
Selection of S :

a) P(S=N)=;
e Fach player receives:
v(N)
b) For S # N, P(S = S) = s (same number for coalitions with
same cardinality)
e Fach player in N\S pays:
sv(.5)
e Fach player in S receives:
(n — s)u(S5)
The expected value that player ¢ gets in this process is equal to the
amount ;(v) given by (2.1).



CIMAT

2.4.

Definition 3. Given a game (N,v) € G, we say that v* is its
dual game if

v*(S) =v(N) — v(N\S)
for every S C N.

Axiom 5 (Self dual). We say that the solution ¢ is self dual if
o(v) = p(v*) for every game v € G.

Corollary 1. The solution ¢ satisfies additivity, symmetry, effi-
ciency and self dual axioms if and only if it is of the form

22) o) =2

jLV) * Z (n — 8)[Bsv(S) — Bu—sv(N\S)]

S3i,S#N

for some set of ["TH] real numbers {5, Y"_{ such that B, = Bp_s_1.
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CIMAT

2.5. . The kernel of a solution ¢ is the vector
space of games v such that p(v) = 0.
Let wy be given by

LS = ()i ¢ T
wp(S) =4 G iS=T
0 otherwise

for every T'C N, T # N and |T| > 2. Furthermore, let wy be

wN(S)_{11f|S|=1

0 otherwise

Proposition 2. Let ¢ be given by (2.1) such that B; # 0 for t =
1,...,n —1, then the set of games {wr}r|>2 form a basis for the
kernel of .
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CIMAT

3. SOLUTIONS WITH THE COALITIONAL INDEPENDENCE AXIOM

Definition 4. We say that the two games (N, v) and (N, w) only
differ in S if and only if v(T) = w(T) for every coalition T £ S.

Axiom 6 (Coalitional independence). We say that o satisfies the
coalitional independence axiom if

pi(v) — pi(w) = p;(v) — p;(w)
for every two games (N,v) and (N, w) that only differ in S and i,
jeS ori, je N\S.
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CIMAT

Remark 2. Additivity and symmetry imply coalitional indepen-
dence, but additivity and coalitional independence do not imply
symmetry.

Proposition 3. The solution o satisfies additivity, coalitional in-
dependence and efficiency axioms if and only if it is of the form
v(NV
81 o) =" Y (0 9)[Bs0(S) — By sv(N\S)]
S3i,S#N
for some set of 2" — 2 real numbers {Bs}prscnN-
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CIMAT

Corollary 2. The solution @ satisfies additivity, coalitional inde-
pendence, efficiency and self dual axioms if and only if it is of the
form

32)  oilv) =2

iv )y Y (n—9)[Bsv(S) — Bnsv(N\S)]

S31,5#N
for some set of 2"~ —1 real numbers {Bs}scn such that s = B s.

Proposition 4. The Shapley value is the unique solution that sat-
isfies additivity, coalitional independence, dummy and efficiency
aTI0MS.
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A first example is the Equal Surplus solution:
v(N) — i
wi(v) = v({i}) + &) %EN ({7})

that we get when we replace 31 = % and [, = 0 otherwise in (2.1).
Another self dual solution with a simple expression is

) =SR-30

where (35 = ﬁ in (2.1).
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4.1. . We get the convex linear combination
of two solutions of the form (2.1) by the corresponding convex linear
combinations of their parameters:

(1-— g)gpﬂ 10 = S0(1—(9)B+97_

Moreover, Ju et al. [3] prove that the consensus value is the middle

point between the Equal Surplus solution and the Shapley value. So,

we get an expression for the consensus value:

v(NV)
n

ki VLR
2 gy - 22 }>]+ > (1-9)[B(S)~Busv(N\S)]

n—1
S34,|S|#n,n—1,1

In the same way, we could generate an expression for any generalized
consensus value, i.e., we only need replace gy = =4 + 2 ) and

n n(n—1
By = Wemlnms Db g o — 2 — 1, in (2.1).

n!
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4.2. . Nowak and Radzik [5] introduce the solidar-

ity value. They define, for any non-empty coalition 1" and any game
v € G,

A(T) = - 37 olT) — o(T\{k)

keT

Then, they define the solidarity value for player ¢ as,

(1) gifw) = 3BT DY oy

n!
T>i

They characterized this value with the efliciency, additivity, symmetry
and A-null player axioms, so the solidarity value must be a special case
of (2.1). Indeed, if we expand (4.1) we get that the coefficient of v(5),

. : .. _s—1)Is! .
for a coalition 1" which does not contain ¢, is (n Sn, s lerr Thus, this
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CIMAT  coefficient correspond to sf, in (2.1), and therefore
5, = (n—s—1)l(s—1)!
° (s + 1)n!
what give us an alternative expression of (4.1):
~ v(V) (n—s)l(s=1D![v(S) w(N\5)
Yilv) = o Z s

n! +1 m—s+1]|"

S31,5#N
Moreover, the solidarity value it is not self dual since 55 # 3, _s.
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CIMAT 43 . Lastly, Ruiz, L.M., Valenciano,
F. and Zarzuelo J.M. [6] introduce the Least Square Prenucleolus so-
lution,

M) = 2 - 2711_2 S (= sp(S) =Y su(S)
_SB'L’ S

This solution is also of the form (2.1). The corresponding parameters

_ 1
are Oy = on—2"
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